In this paper, we study zeros of some difference polynomials in f (z) and their shifts, where f (z) is a finite order meromorphic function having deficient value ∞. These results improve previous findings.
Theorem E Let f (z) be a transcendental meromorphic function of finite order satisfying
Suppose that P(z, f ) is a difference polynomial of the form (.) and contains exactly one term of maximal total degree in f (z) and its shifts. Then, for any given a ∈ C \ {}, the difference polynomial 
has infinitely many zeros and satisfies δ(, Q(z, f )) < .
If we add the condition N(r, 
, where c is a nonzero constant.
If we add the additional condition N(r, f ) = S(r, f ), then we obtain the following.
Theorem . Let f (z) be a transcendental meromorphic function of finite order satisfying
δ(∞, f ) >   , N(r, f ) = S(r, f ).
Then the difference polynomial Q(z, f ) defined by (.) has infinitely many zeros and satisfies δ(, Q(z, f )) < .

Theorem . Let f (z) be a transcendental meromorphic function of finite order with
δ(∞, f ) >  satisfying N(r, f ) + N r,  f = S(r, f ). (.)
Then the difference polynomial Q(z, f ) defined by (.) has infinitely many zeros and satisfies δ(, Q(z, f )) < .
Remark . For any given b ∈ C, applying Theorems .-. to the difference polynomial
, where a n (z) is small with respect to f , ap-
, then we also have
n , we get the following Corollaries .-., which extend Theorems C, D.
Corollary . Let f (z) be a transcendental meromorphic function of finite order with
, and let a, c ∈ C \ {} be constants with c such that f (z) does not reduce to any constant and n ≥  is an integer. Then, for every b ∈ C, one has δ(b, n ) < .
Corollary . Let f (z) be a transcendental meromorphic function of finite order satisfying
and let a, c ∈ C \ {} be constants, with c such that f (z) does not reduce to any constant and n ≥  is an integer. Then, for every b ∈ C, one has δ(b, n ) < . 
Corollary . Let f (z) be a transcendental meromorphic function of finite order satisfying
δ(∞, f ) >   , N r,  f = S(r,
Lemma . [] Let f (z) be a transcendental meromorphic function, and let P(f ) be an algebraic polynomial in f of the form
where a n (z) ≡ , a j (j = , . . . , n) are small with respect to f . Then
T r, P(f ) = nT(r, f ) + S(r, f ) as r → ∞.
Using the same method as in the proof of Lemma ., we show the following.
Lemma . Let f (z) be a transcendental meromorphic function with δ(∞, f ) > , and let P(f ) be an algebraic polynomial in f of the form (.)
, where a n (z) ≡ , a j (z) satisfy m(r, a j ) = S(r, f ), j = , . .
. , n, then m r, P(f ) ≤ nm(r, f ) + S(r, f ). http://www.advancesindifferenceequations.com/content/2013/1/194
Proof Since a j (z) satisfy m(r, a j ) = S(r, f ), j = , . . . , n, then Proof of Theorem . We assert that Q(z, f ) does not reduce to any constant. In fact if Q(z, f ) ≡ C  , where C  is some constant, then
Thus, m r, P(f ) ≤ nm(r, f ) + S(r, f ).
Lemma . [] Let f be a transcendental meromorphic solution of finite order of a difference equation of the form
Since δ(∞, f ) = δ > , then for any given ε  ( < ε  < δ) and sufficiently large r, we have
By (.) and (.), we get
which is impossible. So, Q(z, f ) does not reduce to any constant. Next we rearrange the expression difference polynomial Q(z, f ) by collecting together all terms having the same total degree and then writing Q(z, f ) in the form
where the coefficients a j (z), j = , , . . . , d(P) are the sum of finitely many terms of the type 
and
For any given ε ( < ε < δ - +  k+ ), we have
By (.) and (.), we have
which leads to
Therefore,
Then, 
